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Abstract 
The paper is mainly to improve the de-noising model in Rudin-Osher-Fatemi (ROF) images. Firstly, discrete values 
of the nonlinear total variation ROF model based on Add Operation Splitting (AOS) method were proposed. Because 
the second order de-noising model has the obvious ladder effect in ROF de-noising model, this paper has combined 
fourth-order partial differential equation (PDE) and ROF model of AOS algorithm to optimize the de-nosing model. 
The experimental results show that the improved model has effectively achieved the double optimization of speed 
and the efficiency. 
© 2011 Published by Elsevier Ltd. 
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1. Introduction
Researchers have developed variety de-noising methods according to the actual image characteristics,
noise statistical properties and spectral distributions [1-3]. Among these de-noising methods, the most 
direct way is to using low-pass filter for de-noising because noise energy concentrates at high frequencies, 
while image spectrum distributed in a limited range [1-2]. But on the other hand, the low-pass filter would 
eliminate the high-frequency part of the image information while eliminating the image noise. Therefore, 
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the study of various de-noising method is actually to keep the trade-off between de-nosing and high 
frequency reservation [4-5]. In recent years, the image de-noising based on linear diffusion equation has 
been studied, it is Gaussian smoothing actually. That is, in order to realize image de-nosing, the filed of 
points should be on the weighted average with Gaussian function, which may cause fine structure blurred 
of image edges. 
This paper is mainly to improve the de-noising model in ROF images based on AOS and Fourth-order 
PED. Firstly, discrete values of the nonlinear total variation ROF model with AOS algorithm were 
proposed by Weickert etc. [6]. It decomposes the two-dimensional problem into two independent one-
dimensional problems. Their numerical format is half-implicit. It realizes parallel computing, overcomes 
the limitation of time step of the explicit format, reduces the computation time and accelerates the 
convergence speed. Secondly, the fourth-order PDE was combined with AOS algorithm to optimize the 
de-nosing model. It can break the repression due to the limitation of ladder effect from second order de-
noising model. 
2. Combination between AOS and Fourth-order PDE 
The method of ROF image de-nosing based on the AOS algorithms with nonlinear diffusion can deal 
with the conflict between the step length and time in traditional ROF model [2]. But it still exist “block 
effect” as a branch of second-order partial differential equation. ROF model can well remove noise with 
increasing of iteration, but diffusion will have strong effect in the smooth area of the image. It will make 
the image gradient for flat area, and eliminate the natural and gentle transition. The diffusion is also more 
intense if the area is smoother, and the images were transferred into some subdivision of local constant 
area. That is, the image will transit to block grey scale at the same value, and the image was looked 
composed of each different brightness region. Its edge appears too sharp, which is called “ladder effect”. 
Many experiments show that ROF model like the model of second-order partial differential is successful 
in filtering noise and sharpening edges, but it will be excessive diffusion in the smooth area of the image. 
The smooth signal is always transformed into smooth subsection constant and produce "ladder effect". 
In recent years, the de-noising models based on fourth order partial differential equations have good 
performance in the suppression "ladder effect". Therefore, in order to improve model de-noising result, 
this article will combine the fourth-order PDE with AOS algorithm for the ROF de-noising models and 
form a comprehensive model in ROF de-noising. 
2.1. Fourth-order PDE 
Yu Li and M. Kaveh proposed a fourth-order PDE that can avoid block effect of de-noising and better 
keep characteristics of image. The equation is: 
( ) ( )2 2 2f g f f g f ft∂ ⎡ ⎤= −∇ ∇ ∇ = −Δ Δ Δ⎡ ⎤⎣ ⎦⎣ ⎦∂  (1) 
Here, ( )g x  is positive not increasing function. 
( ) 21
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g x
x
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= ⎡ ⎤⎛ ⎞
+⎢ ⎥⎜ ⎟⎝ ⎠⎢ ⎥⎣ ⎦
 (2) 
Here, k  is a constant. 
The use of fourth-order PDE for image de-noising can get good results. Its biggest advantage is that the 
boundary can be approximated by the subdivision of planar images, so that it can eliminate the block 
effect and get better image based on second-order partial differential equations. The defects of the Eq.2 is 
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that it will cause uneven phenomenon while filtering the noise at the smooth area, and it also require many 
times of iteration to get better results. Defining the following equation, 
( )2 2 2 2f g f f ct ⎡ ⎤= −∇ ∇ ∇ = −∇⎣ ⎦∂∂  (3) 
Assuming that the size of space grid is h , and the image size is Ih . The numerical solution of 
iterative can be achieved by the following difference method in the fourth-order PDE. 
Jh×
1) The calculation of the second-order difference for image grey value fΔ
1, 1, , 1 1, ,2
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And the corresponding symmetrical boundary condition is 
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2) The calculation of the function value 
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3) The calculation of the second-order difference  for function ( )c fΔ Δ c
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So the difference format of the differential equation is 
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2.2. ROF De-noising Model Based on AOS and Fourth-order PDE 
In order to maximize the removal of “ladder effect”, this paper will combine second-order of ROF de-
noising model with fourth-order PDE, and connect both of them by weight function θ , thus the de-
noising model can be optimized successfully. The improvement idea in this article is: The solution of 
AOS-based algorithm of ROF model and the fourth-order PDE model should be applied respectively, and 
then make both together. Suppose that u  and  are the solution of AOS-based algorithm of ROF model 
and the fourth-order PDE model in Eq.1 respectively. The result of the combined model can be achieved 
by weight function ,  and v :
v
θ u
( ) [ ]1 ,       0,1w u vθ θ θ= + − ∈
The selection of weight function should the principle of best de-noising effect in the noised image. So 
that, the role of ROF should be strengthen while selecting  if in the edges and flat area, the value of 
should be close to 1. However in the falloff zone area, fourth order partial differential model role should 
be prominent, where  should be close to 0. According to the reference [3],  
θ θ
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A more appropriate choice is  if ( )0.05,0.2c∈ [ ]0,1wΔ ∈ . It can protect falloff zone area and 
suppress “ladder effect”. 
3. Experimental Result and Analysis 
In order to test the performance of the proposed method in this article, we have done some experiments 
by programming in Matlab software, and the Lena noised image was test for the example. Fig.1 is the 
original image without noise. Fig.2 is the image with random noise and its SNR=11.3. Fig.3 is the result 
based on ROF de-noising model in explicit format, where step is 0.2, iteration steps are 46, calculation 
time is 12.8s and its maximum SNR=16.6. Fig.4 is the result of ROF de-noising model based on AOS 
algorithm, where the step is 0.2, iteration steps are 50, calculation time is 19.5s and its maximum 
SNR=17.1. 
It can be seen that under the same step time, the AOS algorithm achieves the maximum SNR as the 
explicit scheme. The only difference is that the AOS algorithm spends longer time. However, we have 
pointed out that AOS algorithm can change the time step to enhance computational speed without losing 
the stability of algorithm. Now, we change the step time to do a set of experiments all by AOS algorithm. 
The results are listed in Table 1. From the upper experimental results, we can see that the shorter time 
spend and fewer iterations while increasing the step with maximum SNR. At the same time, we also 
noticed that when step time is 20s, the iterative times is only one, this is the largest step time we find, 
because even bigger step time also need only one time iteration. 
Fig.1 Original image                      Fig.2 Image with random noise    Fig.3 Explicit algorithm              Fig.4 AOS algorithm 
In order to test the performance of the improved ROF de-noising model based on AOS and fourth-
order PDE, Fig.2 was applied to be de-noised testing and Fig. 5 shows the result. Compared with Fig.3, 
Fig.4 and Fig.5, the proposed model has the advantages of ROF de-noising model based on AOS, and also 
has the advantages of fourth-order PDE de-noising model than the general explicit de-noising model. The 
proposed method not only solved the contradictions between time and steps, but also removes the ladder 
effects that make the image de-noising more thoroughly. The edges and texture can be protected at a 
certain degree and falloff zone changes naturally. 
Table 1 testing results of AOS algorithm with different steps 
Step time (s) 0.2 0.4 0.8 1.2 2.4 5 10 15 20 
CPU time (s) 19.5 9.5 5.1 3.7 2.2 1.1 0.8 0.7 0.3 
Iteration times 50 26 14 10 6 3 2 2 1
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Fig. 5 The de-noised image by the proposed model 
4. Conclusions 
This article has done the improvement of ROF de-noising model based on AOS algorithm and fourth-
order PDE. And the comparisons between the AOS algorithm and the traditional explicit were also 
presented. The advantages of the AOS algorithm were pointed out. From the de-noising numerical 
experiments in this paper, the calculation speed can be effectively improved with the increase of the step 
in the AOS algorithm than in the explicit algorithm. From the numerical experiment results analysis, we 
can see that the unconditionally stable AOS algorithm can avoid the constraints of time step in the 
iterative process, and can increase the iterative speed. The computing speed can reach a satisfactory level 
with the step increasing while the AOS algorithm was applied in the image segmentation. Meanwhile, the 
fourth-order PDE de-noising model was introduced in the second-order model for “ladder effect”. It 
breaks the bound of the traditional de-noising model in the texture and edges by the second-order model, 
and makes de-noised image fluent and smooth. It also achieves the optimal of visual de-noised image and 
suppresses the “ladder effect” on the ROF de-noising model effectively. 
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